It is shown that the quantum instanton bundle introduced in [2] has a bijective canonical map and is, therefore, a coalgebra Galois extension.
Introduction
Since the beginning of the theory of quantum groups lot of efforts have been devoted to develop a full quantum analogue of the notion of principal bundle. For that purpose the key feature turns out to be a characterization of freeness and transitivity of the group action through a bijectivity of the so-called canonical map. H-J. Schneider stressed the relevant role of this map in the context of Hopf algebras (see [12] ) and used it to build up a theory of algebraic principal bundles in which the structure group was substituted by a general Hopf algebra. A notion related to such a Hopf-Galois property but on the level of differential calculi and principal connections was partially used in [5] . Later on several examples of quantum principal bundles have been shown to be indeed Hopf-Galois extensions and thus to fully deserve their name, see e.g. [8] .
However many interesting examples of quantum principal bundles coming from quantum groups could not be expressed in that framework. For instance a quantum homogeneous space is a Hopf-Galois extension only if it is a quotient by a quantum subgroup, which is a very rare case. It is therefore necessary to consider a more general object in place of the structure group. Such generalization was achieved by T. Brzeziński in [4] , where it was shown that all Podleś spheres can be obtained as quotients by a coalgebra subgroup of SU q (2). Such results were further developed in [6] to the idea of coalgebra-Galois extensions, or coalgebra principal bundles. It has to be stressed that the bijectivity of the canonical map retains a crucial role in the theory.
Approximately at the same time a semiclassical (i.e. Poisson) interpretation for this approach was given in [7] and [1] , in terms of coisotropic subgroups of a Poisson-Lie group. The semiclassical point of view turned out to be very useful as it allowed, in [2] , to detect a carefully chosen coalgebra describing a quantum group version of the Hopf SU(2)-principal bundle S 7 → S 4 . In [3] an interpretation of this bundle in terms of quantized enveloping algebras is given.
It is then quite natural to ask whether this construction can be considered a true quantum principal bundle, the key point being a verification of the bijectivity of the canonical map, as explained. In this paper we will prove that property. Let us remark that the quantum instanton bundle is far more difficult to deal with than any other known example arising from quantum groups, for at least three different reasons: it is not a quantum homogeneous space (just a double coset of U q (4)), the structure group is only a coalgebra and, lastly, such coalgebra corresponds to a non abelian subgroup.
The coalgebra-Galois property we prove is the first step to build associated vector bundles as projective modules on the base algebra (as explained for example in [10] ); this should provide a new and interesting family of quantum vector bundles and we plan to compute their Chern-Connes numbers, in analogy to similar computations carried out, in [9] , for line bundles on Podleś spheres. P. M. Hajac, to whom we are grateful for enlightening discussions, informed us that in a future work by H-J. Schneider there should appear a general theorem stating that in case of a cosemisimple coalgebra (as it is the present case) the injectivity of the canonical map follows from surjectivity, thus generalizing a result valid for Hopf-Galois extensions (see [12] ). Then, the direct proof of injectivity will not be strictly speaking necessary. However, since this result is not yet available and our explicit computations may be of independent interest and provide useful formulas for computing Chern-Connes characters of associated bundles, we provide it as a separate Section 4 of the paper, after showing the surjectivity in Section 3.
2 The quantum four-sphere Σ
q
In this section we recall the basic facts necessary to obtain the four-sphere Σ 
where
is the quantum determinant and P 4 is the group of 4-permutations. It is easy to see that D q is central. The coproduct is
For the usual definition of the antipode S see [11] ; the compact real structure forces to choose q ∈ R and it reads
In the following we will denote κ = * • S.
The algebra of polynomial functions A(S 7 q ) on the quantum seven-sphere (see [13] ) is generated as a * -algebra by
, which verify the following relations
The
Define R = R A(U q (4)), where It is easy to verify that R is a τ -invariant, right ideal, two sided coideal. In the sequel we shall denote C := A(U q (4))/R the quotient and r : A(U q (4)) → C the canonical projection.
By construction C is a coalgebra, a right A(U q (4))-module and it inherits an involutive, antilinear map κ C . In [2] it has been shown that C and A(SU q (2)) are isomorphic as coalgebras, and that the isomorphism intertwines κ C with κ on A(SU q (2)). Using this isomorphism we could transfer to C the algebra structure of A(SU q (2)) (and thus of a Hopf-algebra) but the projection map r : A(U q (4)) → C would not be a homomorphism, e.g. r(t 11 t 43 ) = r(t 11 )r(t 43 ). In the rest of the paper we will actually assume this point of view, and identify C with A(SU q (2)) but sanction that r doesn't respect the algebra structure. However, it will be important for us that C has a right A(U q (4))-module structure defined by
which is by construction respected by r. We introduce in C the usual C-linear basis r k,m,n | k ∈ Z; m, n ∈ N , where
In the following Lemma we collect some useful relations concerning the A(U q (4))-module structure of A(SU q (2)).
Lemma 1
The following relations are valid for k ∈ Z and m, n ∈ N:
where θ(k) = 1 for k ≥ 0 and θ(k) = 0 for k < 0.
Proof. They are obtained by using the following relations valid for i < k, j < l
By construction 
They satisfy the following relations
In this section we investigate if the structure introduced above forms a coalgebraGalois extension, which is essential to define an (algebraic) quantum principal bundle.
Let C be a coalgebra, P a right C-comodule algebra with the multiplication m P : P ⊗ P → P and coaction ∆ R :
). Let B ⊆ P be the subalgebra of coinvariants, i.e. B = {b ∈ P | ∆ R (bp) = b∆ R (p), ∀ p ∈ P }. The canonical left P -linear right C-colinear map χ is defined by
If χ is bijective one says that these data form a coalgebra-Galois extension. In this case the translation map is defined as
If C is a Hopf algebra and ∆ R is an algebra homomorphism, the above structure is called a Hopf-Galois extension. In this case the translation map ϑ is always determined by its values on the algebra generators of C; in fact one has that
We specify now the above framework to our case of P = A(S 7 q ), B = A(Σ 4 q ), C = A(SU q (2)) and ∆ R = ∆ r . Since ∆ r is not an algebra homomorphism we are in the more general setting of coalgebra extensions. To answer the question of bijectivity of χ we cannot simply define the translation map on generators and then use formula (10) to extend it to the whole C. We shall instead generalize (10) by employing the A(U q (4))-module structure defined in (6) . By considering the coaction ∆ of A(U q (4)) on A(S 7 q ), we define the following right A(S 7 q )-module structure on A(S 7 q ) ⊗ A(SU q (2)): (1) . By direct computation one can verify that χ is in fact also right A(S 7 q )-linear with respect to ⊳. The following Proposition is the main result of the paper. Proof. First we prove the surjectivity of χ by giving a right inverse, i .e. a map τ : P ⊗ C → P ⊗ B P such that χ • τ = id. We will define it on 1 ⊗ r k,m,n and then extend it by left P -linearity on P ⊗ C.
We give an iterative definition. Let τ (1 ⊗ r(1)) = 1 ⊗ B 1. Next assume that for any k, m, n such that |k| + m + n ≤ N, τ k,m,n = τ (1 ⊗ r k,m,n ) is defined so that χ(τ k,m,n ) = 1 ⊗ r k,m,n . We claim that (in partial analogy to (10)) we can define τ on all elements of the basis of degree N + 1 by the following formulas :
Let us apply χ to r.h.s. of the first equality of (11) . The use of the left and right P -linearity of χ yields
Next, the r.h.s. of the third equality of (11), after application of χ yields
Finally, χ applied to r.h.s. of the fourth equality of (11) yields
The map τ is then defined by giving its action on the basis and it satisfies χ • τ = id so that χ is surjective.
Injectivity of χ is a consequence of the P -linearity of the map τ , whose proof is postponed to the next Section. In fact we have that
4 Proof of the P -linearity of the map τ
The left P -linearity is clear by construction. Since computations to get the right P -linearity are quite heavy and long we will limit ourselves to sketch the proof. We will prove it on the linear basis r k,m,n and on generators of P , i.e. we will prove that τ ((1 ⊗ r k,m,n ) ⊳ z ℓ ) = τ (1 ⊗ r k,m,n )z ℓ for each ℓ and the corresponding relations for z * ℓ .
By using the relations for the right P -action given in (8) the problem is shown to be equivalent to prove for each m, n ≥ 0 the following equations:
For each n ∈ Z let us define a n = z 1 z * 4 − q n z 2 z * 3 and b n = z 1 z 3 + q n−1 z 2 z 4 .
Proof of (12)
The following Lemma is preliminary to get the result. 
Proof. In order to go from (12) to (16), substitute in each of (12) the iterative definition (11) of τ . All the steps can be retraced back to go in the opposite direction.
Let us show equations (12) Rτ k+1,m,n = q m+n (z
